This paper studies the Euler-Maxwell system which is a model of a collisionless plasma. By energy estimation and the curl-div decomposition of the gradient, we rigorously justify a singular approximation of the incompressible Euler equations via a quasi-neutral regime.
Introduction
We study a model of a collisionless plasma where the ions are supposed to be at rest and create a neutralizing background field. The dynamics of the compressible electrons for plasma physics in a uniform background of nonmoving ions with fixed unit density obey the scaled one-fluid Euler-Maxwell system which takes the form 1 ∂ t n div nu 0, 1.1 In the present paper, we will consider the combined quasineutral and nonrelativistic limit of Euler-Maxwell system in the following scaling case:
Passing to the limits when λ → 0 and γ → 0 go to zero, it is easy to obtain, at least at a very formal level, the incompressible Euler equations of ideal fluids: 
1.10
In these limits the plasma is expected to behave like an incompressible fluid, therefore governed by the incompressible Euler equation. The main aim of this note is to give a rigorous justification to this formal computation in the present paper.
Note that the above limit had been proven in 2 by an analysis of asymptotic expansions and a careful use of Modulated energy technique. In this paper, the case that the plasma is collisionless is considered. By energy estimation and the curl-div decomposition of the gradient, we obtain a convergence to the incompressible Euler system in H s norm for any s large enough under the assumption that the initial data are well prepared.
There have been a lot of interesting results about the topic on the quasineutral limit, for the readers to see 3-8 for isentropic Euler-Poisson equations and 9, 10 for nonisentropic Euler-Poisson equations and therein references. For example, by using the method of formal asymptotic expansions, Peng et al. in 9 studied the quasineutral limit for Cauchy problems of multidimensional nonisentropic Euler-Poisson equations for plasmas or semiconductors Journal of Applied Mathematics 3 with prepared initial data. Li in 10 justified the convergence of the nonisentropic EulerPoisson equation to the incompressible nonisentropic Euler type equation via the quasineutral limit and proved the local existence of smooth solutions to the limit equations by an iterative scheme. The Euler-Maxwell equations are more intricate than the Euler-Poisson equations for the complicated coupling of the Lorentz force. So there have been less studies on the Euler-Maxwell equations than the study on the Euler-Poisson equations. See 3, 6-8, 10-16 and the references therein. The first rigorously study of the Euler-Maxwell equations with extrarelaxation terms is due to Chen et al. 17 , where a global existence result to weak solutions in one-dimensional case is established by the fractional step Godunov scheme together with a compensated compactness argument. Jerome 18 establishes a local smooth solution theory for the Cauchy problem of compressible Hydrodynamic-Maxwell systems via a modification of the classical semigroup-resolvent approach of Kato. Paper 19 has just been studied for the convergence of one-fluid isentropic Euler-Maxwell system to compressible Euler-Poisson system via the nonrelativistic limit.
We split the rest of the paper in two sections: the first give the main result of this paper, and the second is devoted to justify the convergence of Euler-Maxwell equations to incompressible Euler equations by using the the curl-div decomposition of the gradient and the λ-weighted energy method.
Notations and Preliminary Results
Now we introduce some important notations and preliminary results that we will use in this paper as follows. where
2 The following vector analysis formulas will be repeatedly used, see 1 :
∇f j g j , 1.13
The Main Result
First, we recall the classical result on the existence of sufficiently regular solutions of the incompressible Euler equations see 20 . 
holds for some positive constant C T 0 .
We will prove the following result. 
The Proof of Theorem 2.2
Set n, u, E, B to be the classical solutions to the problem 1.1 -1.5 , and set
Obviously the vector n 1 , u 1 , E 1 , B 1 solves the error system 
Reformulation of the System 3.2 with New Unknowns
Now we make the following change of unknowns:
with ω 0 ∇ × u 0 . Taking the divergence of the second equation in 3.2 and noting that div E 1 −n 1 , one gets
Taking the curl of the second equation in 3.2 , with the aid of the vector analysis formulas given in Section 1, by a direction calculation, we have
Here we have used the error equation 
Then, we have
Next introduce the general vorticity
By using the vector analysis formulas 1.15 , then it follows from the above that Ω 1 satisfies the following vorticity equation:
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In order to prove the Theorem 2.2, we introduce the Sobolev norms:
3.18
Next, one begins to estimate W λ s . Our basic idea is to overcome the singularity which is caused by d 1 /λ and n 1 /λ by using the special structures between the first equation and the the second equation in the system 3.6 .
Energy Estimates
Now we control n 1 t
Lemma 3.1. Let s be an integer with s > 3/2 2. Then for any 0 < t < T with T ∈ 0, T 0 , one has
n 1 t 2 s−1 d 1 t 2 s−1 ω 1 t 2 s−1 ≤ C n 1 t 0 2 s−1 d 1 t 0 2 s−1 ω 1 t 0 2 s−1 C t 0 1 W λ τ 2 s W λ τ 3 s dτ.
3.19
Proof. Let α ∈ N 3 with |α| ≤ s − 1 and s > 3/2 2. Taking ∂ α x of 3.12 and multiplying the resulting equation by ∂ α x n 1 , by integration by parts, we have
3.20
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which can be estimated as follows:
3.22
Here we used the basic Moser-type calculus inequalities 21, 22 :
Hence, by Cauchy-Schwartz's inequality and the Sobolev lemma, noting div u λd 1 , one gets
3.24
Combining 3.20 with 3.24 , one obtains 
3.26
where the commutator
.27 which can be estimated by
3.28
For the first, forth, and fifth terms, using the property of the approximate solution of incompressible Euler equations 1.8 -1.10 , Cauchy-Schwarz's inequality, and the Sobolev lemma, we get
3.29
For the second term, using the estimate 3.28 for
3.30
Combining 3.26 with 3.29 -3.30 , we have
From 3.25 and 3.31 , we can get
which leads to
3.33
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Taking Taking ∂ α x on 3.14 and multiplying the resulting equation by ∂ α x , by integration by parts, we have
3.34
which can be estimated by
3.36
Using the estimates 3.36 for H 3 α , we have, with the aid of Cauchy-Schwarz's inequality and the Sobolev lemma,
3.37
Combining 3.34 with 3.37 , we get
which yields, for any 0 < t < T, 
3.41
So, from 3.33 and 3.41 we complete the proof of Lemma 3.2.
Next, we obtain the high order energy estimates on the electric-magnetic field as follows. 
3.43
where the commutator is defined by
which can be estimated as follows 
3.49
Then it follows from the estimates 3.19 , 3.42 , and the curl-divergence decomposition inequality that there exists an λ 0 > 0, depending only upon T 0 , such that, for any 0 < λ ≤ λ 0 and any 0 < t < T,
dτ.
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Since E λ t 0 ≤ M 0 for some positive constant, now applying Gronwall's inequality to 3.51 , one can conclude that there exists an λ 0 sufficiently small such that for any λ ≤ λ 0 and 0 < t < T, 
